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Drug-induced modification of the system properties associated
with spontaneous human electroencephalographic activity
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The benzodiazepine~BZ! class of minor tranquilizers are important modulators of theg-amino butyric acid
(GABAA)/BZ receptor complex that are well known to affect the spectral properties of spontaneous electro-
encephalographic activity. While it is experimentally well established that the BZs reduce total alpha band
~8–13 Hz! power and increase total beta band~13–30 Hz! power, it is unclear what the physiological basis for
this effect is. Based on a detailed theory of cortical electrorhythmogenesis it is conjectured that such an effect
is explicable in terms of the modulation of GABAergic neurotransmission within locally connected populations
of excitatory and inhibitory cortical neurons. Motivated by this theory, fixed order autoregressive moving
average~ARMA ! models were fitted to spontaneous eyes-closed electroencephalograms recorded from subjects
before and approximately 2 h after the oral administration of a single 1 mg dose of the BZ alprazolam.
Subsequent pole-zero analysis revealed that BZs significantly transform the dominant system pole such that its
frequency and damping increase. Comparisons of ARMA derived power spectra with fast Fourier transform
derived spectra indicate an enhanced ability to identify benzodiazepine induced electroencephalographic
changes. This experimental result is in accord with the theoretical predictions implying that alprazolam en-
hances inhibition acting on inhibitory neurons more than inhibition acting on excitatory neurons. Further such
a result is consistent with reported cortical neuronal distributions of the various GABAA receptor pharmaco-
logical subtypes. Therefore physiologically specified fixed order ARMA modeling is expected to become an
important tool for the systematic investigation and modeling of a wide range of cortically acting compounds.
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I. INTRODUCTION

g-amino butyric acid~GABA! is the major neurotransmit
ter in the human brain that mediates the transmission of
hibitory events between neurons. GABA influences neur
by way of three major classes of receptors: GABAA ,
GABAB , and GABAC receptor classes. GABAA receptors
are of particular interest as their function can be modula
by a wide variety of clinically relevant substances, most n
tably the sedative agents best exemplified by the barbitu
and benzodiazepine classes of drugs.

Benzodiazepines~BZs! are positive allosteric modulator
of the GABAA /BZ receptor complex. By inducing a confo
mational change in this receptor complex, they increase
frequency of GABA initiated channel openings. Electr
physiologically, this increased probability of channel ope
ing is reflected in an augmentation of the amplitude and
time constant of decay of the associated unitary inhibit
postsynaptic potential~IPSP! @1,2#. Benzodiazepines hav
also been reported to increase single GABAA channel con-
ductances in the presence of low synaptic concentration
GABA @3#. Electroencephalographically benzodiazepines
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well known to decrease alpha~8–13 Hz! and increase low
beta~13–16 Hz! activity in a dose dependent manner@4–6#.
Despite careful and thorough characterizations of the m
lecular pharmacology of the BZs and their various elect
physiological effects, the mechanism whereby BZs indu
changes in the spectral content of the electroencephalog
~EEG! is unknown.

The recent theoretical work on the genesis of the alp
rhythm by Liley et al. @7–9# suggests that BZs affect th
EEG by altering reverberant activity within synaptical
coupled populations of inhibitory and excitatory neurons
neocortex. This theory has previously been used to inve
gate the mechanism of general anesthesia using substa
that have been shown to alter the time course of GA
induced IPSPs@10#.

This theory considers cortex as an excitable spatial c
tinuum of reciprocally connected excitatory and inhibito
neurons interacting by way of short-range~intracortical! and
long-range~cortico-cortical! connections~see Fig. 1!. Be-
cause this is a theory of the genesis of the alpha rhythm,
not specifically a theory of its physiological modulation, on
the time course and the corresponding reversal potentia
‘‘fast’’ excitatory ~AMPA/kainate! and ‘‘fast’’ inhibitory
(GABAA) neurotransmitter kinetics are explicitly incorpo
rated. Detailed semianalytical and numerical solutions of
theory’s equations have revealed a rich repertoire of ph
ologically plausible dynamical behavior. Of particular si
nificance is the generation of limit cycle, chaotic, and no
©2003 The American Physical Society06-1
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driven oscillations at the frequency of the mammalian alp
rhythm, with model parameters that are all within rang
reported experimentally@8,11#.

Loosely speaking, such oscillatory activity in the EE
is theorized to arise from oscillatory activity occurring s
multaneously in local inhibitory→inhibitory circuits and lo-
cal inhibitory→excitatory→inhibitory circuits. Oscillations
generated by inhibitory→inhibitory circuits are predicted
to have a higher frequency than those generated
inhibitory→excitatory→inhibitory circuits because the tota
loop delay of the former (t i i

p) is less than the loop delay o
the latter (t ie

p 1tei
p ) as t i i

p<t ie
p . These loop delays will corre

spond respectively to the mean times to peak for excita
postsynaptic potentials~EPSPs! and IPSPs induced in th
dendrites of excitatory and inhibitory neurons when m
sured at the soma. Thus strengthening inhibitory→excitatory
population connectivity will weight the EEG toward lowe
frequencies, whereas strengthening inhibitory→inhibitory
connections will weight the EEG toward higher frequenci

On this basis it is hypothesized that benzodiazepi
shift the alpha to higher frequencies because they amp
inhibitory→inhibitory population synaptic interactions to
greater degree than inhibitory→excitatory interactions. To
test this hypothesis eyes-closed EEGs were recorded
subjects who had taken a low dose of a short acting ben
diazepine, alprazolam. The EEGs was then analyzed u
theoretically motivated fixed order autoregressive mov
average~ARMA ! time series modeling. Our results provid
strong experimental evidence for interpreting benzodiazep
induced electroencephalographic changes as due to the
dulation of a cortical white noise filter.

FIG. 1. Diagram illustrating the short-range~intracortical!,
Nj 8 j

b , and long-range~cortico-cortical!, Ne j
a , systems that serve to

connect excitatory~E! and inhibitory ~I! neuronal populations in
cortex. Populations that are enclosed within a dotted box co
spond roughly to a cortical macrocolumn.pj 8 j denote extracortica
input of type j 8 to neural population of typej.
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II. THEORY

The alpha rhythm is arguably the most obvious recorda
feature of the intact human brain. While the exact basis
its genesis is still controversial it is widely believed that
arises as a consequence of one or more of the follow
mechanisms: endogenous or exogenous~thalamic! pacing of
cortical neurons @12–14#; oscillatory activity generated
through the reciprocal feedforward interactions of excitato
~pyramidal! and inhibitory ~interneuron! cortical neuronal
populations@15–18#; or boundary dependent standing wa
generation ~Schumann resonance-like! due to long-range
cortico-cortical connectivity@19–21#. The theory of Liley
et al. @7–9#, however, suggests that none of these mec
nisms are sufficient, either separately or taken together
explaining the physiological genesis of the alpha rhythm.

In this theory it is found that the strength and form
population inhibitory→inhibitory synaptic interactions are
the most important determinants of the frequency and da
ing of the emergent theoretical alpha band oscillatory ac
ity. Such behavior arises principally because loc
inhibitory→inhibitory and local inhibitory→excitatory loop
delays that are associated with physiologically and elec
encephalographically plausible alpha activity are longer th
the corresponding local~intracortical! and long-range
~cortico-cortical! excitatory-excitatory loop delays. It is im
portant to emphasize that the predicted importance of lo
circuit inhibitory→inhibitory population activity in the gen-
esis of alpha band activityemergesfrom a theory in which
both local ~intracortical! and global~cortico-cortical! neu-
ronal circuit activity have been incorporated.

The theory considers the EEG and ECoG~electrocortico-
gram! as being linearly related to the mean~over a spatial
scale of the order of approximately 1 mm! soma membrane
potential of underlying cortical excitatory~pyramidal! neu-
rons@he(x,t)#. It differs from other macroscopic continuum
theories@19,21–23# in that the time course of the unitar
IPSP is described by a third-order differential equatio
Lower orders are theoretically found unable to support a
appreciable or widespread alpha band activity. Appendix
contains further details. Like other rate based theories
electrocortical activity@15,17,24#, oscillatory activity in the
EEG is posited to correspond to periodic modulations in
average neuronal firing rate andnot to the average firing
frequency of excitatory neurons. This continuummean firing
rate basedtheory is ‘‘mechanistically’’ quite distinct from
the discretespike basedinhibitory interneuron network mod
els that have been developed to investigate the genes
synchronized gamma activity@25#. Of particular note is that
these spike based interneuron network models predict
benzodiazepines will be associated withreductions in the
frequency of the dominantg band~40 Hz! population oscil-
lations @25#.

The intuitive basis for interneuron oscillations in th
theory is as follows~see Fig. 2!. Initially activated inhibitory
neurons~due to constant extra-/intracortical excitatory inpu!
give rise to inhibitory neural firings which, after a single loo

e-
6-2
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FIG. 2. Oscillatory activity generated by negative feedback within cortical interneuron~inhibitory! circuits is hypothesized to be the bas
for rhythmic activity within the alpha band~8–13 Hz!. Inhibitory population activity is predicted to phase lead excitatory population acti
by an amount proportional~u! to the mean inhibitory→excitatory loop delayt ie

p ~i.e., mean time to peak for an IPSP induced in an excitat
neuron when measured at the soma!. E and I refer to local cortical populations of excitatory and inhibitory neurons, respectively.
excitatory→excitatory and excitatory→inhibitory connections of Fig. 1 have been omitted for clarity.
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delay (t i i
p), feed back to inhibit and thereby reduce the a

tivity of these initially active inhibitory neurons. Because t
activity of this inhibitory neural population is now reduce
the inhibitory population feedback is subsequently weake
and thus, after another loop delay, inhibitory population
tivity again increases, and thus the previous sequenc
events can start anew. In this manner oscillations are ge
ated with a period ofO(t i i

p).
Such inhibitory local circuit activity is made exper

mentally observable by coupling to the adjacent populat
of excitatory neurons. Thus it is predicted that inhibito
population activity willphase leadexcitatory population ac-
tivity by an amount proportional to the mean inhibito
→excitatory loop delay (t ie

p ). This, as yet experimentally
untested, prediction serves to distinguish our hypothes
mechanism of EEG rhythmogenesis from those posited
other workers~e.g., Freeman@26#!.

Theoretical predictions

From a mathematical point of view the theory’s equatio
are cast as a coupled set of nonlinear partial differen
equations~see Appendix A!. Explicit quantitative solutions
to these equations can be obtained only through nume
integration as analytical solutions do not exist. Fortunat
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many important qualitative properties of these equations
be understood through linearization. Linearization of the
equations about a singular point yields the following line
time invariant system:

He~k,v!5Ge~k,v,q!P~k,v! ~1!

5
N~k,v,q!

D~k,v,q!
P~k,v! ~2!

5

(
m50

5

bm~k,q!vm

(
n50

8

an~k,q!vn

P~k,v!, ~3!

wherek andv are the wave number and angular frequen
respectively. Loosely speaking,k specifies the reciprocal o
the characteristic physical scale over which oscillations
frequencyv occur. Based on theoretical and numerical arg
ments~Appendix B!, we are able to setk to a fixed value of
0.4 rad cm21 for all v. He(k,v) is the Fourier transform of
the mean soma membrane potential of excitatory neur
he(x,t), Ge is the electrocortical transfer function, q is a
6-3
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LILEY et al. PHYSICAL REVIEW E 68, 051906 ~2003!
vector of parameters, andP(k,v) represents the spatiotem
poral form of cortical input. The theory includes such para
eters as EPSP and IPSP potential peak amplitudes and
courses, neuronal membrane time constants, excitatory
inhibitory population connectivities, as well as physiolog
cally derived functions specifying mean neuronal populat
firing rates as a function of the respective mean soma m
brane potentials.

FIG. 3. A schematic diagram summarizing the essential exp
mental effect of nonzero extracellular benzodiazepine levels~@BZ#!
in augmenting the amplitude of the unitary inhibitory postsynap
potential induced in an excitatory neuron. The respective IPSPs
induced by a presynaptic spike arriving att50 in a neuron at rest
he andhe

rest are themeanandmean resting soma membrane pote
tials, respectively, of excitatory cortical neurons. These particu
IPSPs were numerically calculated from the theory of Lileyet al.
@8#. See Appendix A and Eqs.~A7!–~A8! for further details.
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In the absence of any information to the contrary, it
assumed that the cortical inputP(k,v) is spatiotemporally
so complicated as to be indistinguishable from band limi
white noise@8,17,20,24,27,28#. On this basis, solutions to
D(k,v)50 for fixed realk give the theoretically predicted
EEG resonant frequencies. The interesting interpretation
this result is that the eyes-closed mammalian alpha rhy
arises because cortex acts as a white noise filter to its in
In discrete time signal processing Eq.~3! can be modeled by
an ARMA model of MA order max(m)55 and AR order of
max(n)58 if P(k,v) is Gaussian noise@29#. These orders
correspond to the respective polynomial orders of the
nominator and numerator of the theoretically derived elec
cortical transfer function@Eq. ~3! and Eqs.~A10!–~A13! in
Appendix A#.

In general, no analytical results can be obtained for
roots ofD(k,v) and thus the functional dependence of the
roots~also known as poles! on physiological and anatomica
parameters cannot be explicitly obtained. However, by p
forming a Monte Carlo parameter space search~assuming all
parameters are uniformly distributed over physiologica
plausible ranges! ~see Table IV below and@8# for further
details!, sets of parameters can be found that give rise
electroencephalographically plausible eyes-closed alpha
tivity ( f c /D f FWHM>5 for a spectralf c peak lying between 8
and 13 Hz!. The sensitivity of these alpha resonances to s
tematic parametric perturbations can be determined ana
cally @8#. Given that benzodiazepines are known to augm
the amplitude of GABA mediated IPSPs~Fig. 3! it is to be
expected that all inhibitory population synaptic connectio
will be strengthened. Therefore the sensitivity of these th
retical resonances to variations inNii

b ~inhibitory→inhibitory
population connection strength! and Nie

b ~inhibitory→ exci-
tatory population connection strength! is of particular rel-
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FIG. 4. Schematic representation of the predicted effects of increasing the strength of neuronal population inhibitory-inhibit
inhibitory-excitatory synaptic interactions assuming that scalp EEG activity has a characteristic physical scale ofk50.4 rad cm21. The filled
circle approximately represents the theoretical loci of the dominant poles associated with electroencephalographically plausible ey
alpha activity. The arrows indicate the mean predicted direction of motion of these poles in response to increases in inhibitory→inhibitory

(]v* /]N̂ii
b) and inhibitory→excitatory (]v* /]N̂ie

b ) synaptic strength. Equivalents plane~Laplace or Fourier plane! andz plane represen-
tations are shown. Decay rates are shown increasing to the left as they correspond to Re(s),0 ~i.e., the negative real half of thes plane!.
For illustrative purposes indicated changes are not to scale. See Sec. II A and Table I for full details.
6-4
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TABLE I. Mean sensitivities of model alpha activity to increases in inhibitory-inhibitory (Nii
b) and

inhibitory-excitatory (Nie
b ) synaptic strength for a variety of wave numbers~characteristic physical scales!.

Results are not shown fork50 as this implies an infinite characteristic physical scale for the theore
alpha. We have theoretically assumed that the characteristic scale of scalp recorded EEGs correspok
'0.4 rad cm21 ~see Appendix B!. Results shown for eachk were calculated from 2000 parameter sets fou
to support electroencephalographically plausible alpha. For further details see the Appendix A and@8#.

k (rad cm21)
] Re~v* !

]N̂ii
b

~rad s21! 2
] Im~v* !

]N̂ii
b

~s21!
] Re~v!*

]N̂ie
b

~rad s21! 2
] Im~v!*

]N̂ie
b

~s21!

0.2 0.03 43.1 1.1 280.5
0.4 19.1 30.2 228.5 258.2
0.6 32.0 23.7 247.4 22.9
0.8 36.2 224.3 254.0 34.3
1 39.2 233.6 258.6 42.2
2 43.0 2156.3 264.4 226.0

15 47.8 2167.0 269.7 240.0
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evance. Figure 4 and Table I details these theoretical pre
tions for a range of wave numbers. It is found that increa
in Nii

b are predicted to increase the frequency of the al
whereas increases inNie

b are predicted to decrease frequen
for all values ofk.

It is useful to compare predictions made by other comp
ing theories of alpha electrorhythmogenesis of the effect
benzodiazepines on EEG dynamics. Table II outlines the
dicted effects of benzodiazepines on the change in rela
alpha~8–13 Hz! and beta~13–30 Hz! spectral powers. The
theory of Lileyet al. @7–9# is currently the only one to mak
predictions that are consistent with the known effects of b
zodiazepines on the EEG.

Specifically, it is hypothesized that

Dv* 5mS e
]v*

]N̂ii
b

1
]v*

]N̂ie
b D @BZ#, ~4!

wherem and e are real constants,@BZ# is the extracellular
benzodiazepine concentration, andDv* ~which will be com-
plex! is the corresponding change in pole location in t
complex Fourier plane.] Re(v* )/]N̂ii

b and ] Re(v* )/]N̂ie
b

provide local measures of how sensitive the frequency of
model alpha is to unit normalized changes inNii

b and Nie
b ,

TABLE II. Predicted changes inrelative alpha ~Da! and beta
~Db! spectral powers following benzodiazepine administration
all the major theories of alpha electrorhythmogenesis.

Theory Refs. Da Db

Liley et al. @8,9# 2 1

Classical pacemaker/spindle rhythm
~reticular thalamic!

@30,31# 2 2

Thalamocortical circuit rhythm @32,33# 2 2

Spike based interneuron network @25,34# 1/0 1

Reciprocally connected excitatory
and inhibitory population

@16,17# 1 2
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b and 2] Im(v* )/]N̂ie

b pro-
vide local measures of how sensitive the damping of
model alpha is to unit normalized changes inNii

b and Nie
b ,

respectively. The corresponding motion in thes andz planes
is Ds* 5 iDv* andDz* 5eiDv* / f s, respectively~wheref s is
the sampling frequency in hertz!. e is the relative pharmaco
logical potency of alprazolam acting at GABAA receptors on
inhibitory neurons compared to alprazolam acting at GABA
receptors on excitatory neurons. Thusem@BZ# andm@BZ# are
the fractional changes in the mean peak amplitudes of IP
effected by benzodiazepines in inhibitory and excitatory n
ral populations, respectively. See Appendix A and Eq.~A22!
for further details.

We note that Eq.~4! enables estimates ofe andm @BZ# to
be obtained from experimental data. By solving this sim
taneous equation we obtain

e5
Im~]v* /]Nie

b Dv* !

Im~]v* /]Nii
bDv* !

, ~5!

m@BZ#5
Im~]v* /]Nii

bDv* !

Im~]v* /]Nii
b]v* /]Nie

b !
, ~6!

where the overbar in this equation represents the com
conjugate.

III. METHODS AND MATERIALS

A. Subjects

In a randomized, placebo-controlled, double-blind tw
way crossover study, 18 healthy male nonsmokers were
vestigated. Females were not recruited as contraceptive
menstrual effects are known to affect the expression of ey
closed alpha activity and to alter benzodiazepine sensiti
@35,36#. Further, it is known that a variety of steroid ho
mones ~including endogenous progesterone! are able to
modulate GABA physiologic responses and hence benz

r

6-5



no
in
e
a

u
th
hi

r

ip
te

k
ng

tra
d
s

ub
a

nd
e

en
r

ng
o

il
e
it

ke
c

n
th

ita
d
le

is

n

n.

the
ch
ap-

-

-
se

of
t

-

re
uta-

LILEY et al. PHYSICAL REVIEW E 68, 051906 ~2003!
azepine sensitivity. Subjects were recruited via university
tice board advertisements. Subjects were randomized us
simple randomization procedure after screening tests w
performed. All subjects were drug-free and in good health
determined by a complete physical examination. Each s
ject gave written informed consent before taking part in
study, which was approved by the Human Research Et
Committee of the Swinburne University of Technology.

B. Study design

On the day of testing, subjects randomly received eithe
placebo or alprazolam 1 mg~Xanax, Pharmacia Australia! as
a single oral dose. Alprazolam was chosen for three princ
reasons:~i! plasma levels of any psychoactive metaboli
are extremely low,~ii ! it has a relatively short elimination
half-life (t1/256 – 19 h), and~iii ! it has a relatively rapid
time to peak following oral administration (tpeak51 – 2 h)
@4#. All testing sessions were separated by at least 1 wee
allow for drug washout. On the morning of each recordi
session subjects received a light breakfast. Baseline EEG
cordings were then taken prior to drug/placebo adminis
tion. 75 min after taking the drug/placebo subjects receive
light lunch. Approximately 30 min following this subject
then commenced postdrug/placebo EEG recordings.

C. EEG recording

Before taking the randomly assigned medication all s
jects underwent a baseline EEG recording consisting of
proximately 66 s each of spontaneous EEG recorded u
the following conditions: eyes closed relaxing, eyes clos
mental subtraction, eyes open relaxing, and eyes open m
subtraction. Subjects then underwent an identical set of
cordings two hours after receiving the medication. Followi
this, subjects underwent further tests that were of no imp
tance to this study.

All EEG recordings were performed using custom bu
amplifiers, A/D conversion, and serial data collection dev
oped by the Brain Sciences Institute of Swinburne Univers
of Technology. The EEG was recorded referenced to lin
ears using 64 scalp electrodes attached to an electrode
using the nasion as a ground. Electrodes were positio
according to the international 10:20 standard system with
addition of midpoint electrodes. Because of the occip
dominance of the alpha rhythm, only an occipital electro
subset was analyzed. In particular, EEGs recorded from e
trode 48~midway between Pz and P3!, electrode 50~midway
between Pz and P4!, electrode 56~midway between Pz and
O1!, and electrode 57~midway between Pz and O2! were
analyzed. The EEG was bandpass filtered~0.1–80 Hz! and
sampled at 500 Hz (f s).

D. Data analysis

All data were archived on CD for subsequent analys
After the removal of nonfunctioning electrodes, each 66
spontaneous EEG channel recording was optimally~Wiener!
filtered using a 201 point LMS~least mean square! adaptive
filter to remove periodic 50 Hz interference, which is know
05190
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to compromise subsequent ARMA coefficient estimatio
Such filtering was preferred to ana priori fixed coefficient
digital low-pass or bandpass filter as it is better suited to
removal of a periodic artifact in a nonstationary signal. Ea
filtered 66 s recording was decomposed into 50% overl
ping 1024 point~'2 s! segments for ARMA modeling. After
the mean was removed each 2 s epoch was fitted with an
~8,5! order ARMA model ~ARMASA Matlab Toolbox!
@37,38#. Formally, each EEG segmenty(n) based on Eq.~3!
was modeled as

y~n!52 (
k51

8

aky~n2k!1 (
k50

5

bku~n2k!, ~7!

whereu(n) is assumed to be a white noise~Gaussian! pro-
cess. By taking thez transform this can be written equiva
lently in thez domain as

Y~z!5

(
k50

5

bkz
2k

11 (
k51

8

akz
2k

U~z!5
B~z!

A~z!
U~z!. ~8!

Solutions toA(z)50 will give the system poles and so
lutions to B(z)50 give the system zeros. In general the
solutions are complex withuzu,1. Assuming a single domi-
nant weakly damped pole,z0 (uz0u'1), f s Arg(z0)/2p is the
frequency and

g' f s

12uz0u

Auz0u
~9!

the damping of the dominant temporal mode constitutive
the alpha resonance.f s is the sampling frequency. Note tha
as uz0u→1, g→0, and asuz0u→0, g→`, as consistency de
mands.

For each session involving placebo~PL! or benzodiaz-
epine the difference in the average location of poles~deter-
mined for each 2 s segment! lying between 6 and 30 Hz
before~2! and after~1! the administration of either the PL
or BZ was calculated for each subject and channel, i.e.,

DuPL5Arg~^z0&PL1!2Arg~^z0&PL2!, ~10!

Dr PL5u^z0&PL1u2u^z0&PL2u, ~11!

DuBZ5Arg~^z0&BZ1!2Arg~^z0&BZ2!, ~12!

Dr BZ5u^z0&BZ1u2u^z0&BZ2u. ~13!

For each channel the following null hypotheses we
evaluated using a distribution-free paired one-sided perm
tion ~resampling! test @39#:

H0 : DuBZ<DuPL, ~14!

H0: Dr BZ>Dr PL. ~15!
6-6
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FIG. 5. ~Color! Pole-zero plot of the upper right quadrant of thez plane for a typical subject for the BZ2/BZ1 condition ~top two
figures! and the PL2/PL1 condition~bottom two figures!. Note the distinct populations of poles~1! and zeros~s! ~left hand figures!. Right
hand figures show in more detail the region of thez plane corresponding to 8–13 Hz activity. Differences between bothr andu of the BZ2
and BZ1 alpha pole centroids are highly significant (p!0.001). The upper left quadrant of thez plane has not been plotted as it contai
no poles of electroencephalographic relevance and the lower half of the complexz plane has been omitted as it is the mirror image of
upper half.
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For each subject and electrode ARMA power spec
@ uB(eiv)/A(eiv)u2# were calculated for all 2 s segments and
then averaged. Similarly, for each subject and electrode
Fourier transform FFT power spectra were calculated for
50% overlapping 2 s segments and then averaged. In b
cases the location of the spectral peak (f c) in between 8 and
13 Hz was determined as were the relative~to the total power
over the interval 0–30 Hz! alpha~8–13 Hz! and beta~13–30
Hz! powers.

IV. RESULTS

Of the 18 subjects recruited, one did not complete
study, two did not display a clear eyes-closed resting al
rhythm, and another became quite drowsy following o
benzodiazepine administration. For these subjects the as
ated data were eliminated from the subsequent data ana
For one of the remaining subjects, electrode 56 in the B1
condition did not yield a viable EEG signal and thus was
included in any further analysis.
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A. Intrasubject differences

Figure 5 illustrates the results of a typical ARMA bas
pole-zero analysis before and after an oral dose of alp
zolam. The important features to note are~i! the distinct
groupings of poles and zeros populating thez plane,~ii ! dis-
tinct populations of poles having frequencies lying in t
range 8–13 Hz,~iii ! clear differences between the location
the centroids of the alpha poles before~BZ2! and following
~BZ1! benzodiazepine,~iv! insubstantial differences be
tween the location of the alpha poles before~PL2! and fol-
lowing ~PL1! placebo, and~v! zeros at approximately 50 H
due to the adaptive removal of mains interference and p
at about 80 Hz corresponding to the band edges of the l
pass analog filtering. In this example it is evident that t
variability (uz02^z0&u) in alpha pole location after the inges
tion of the benzodiazepine is more pronounced than in
other three conditions. Further, the mean of this variabi
over all subjects and electrodes is significantly greaterp
50.0443) in the BZ1 condition compared to the BZ2 con-
dition.
6-7
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FIG. 6. Mean pole frequency6 one standard error in the mean for all poles lying between 6 and 30 Hz for each subject, before~BZ2!
and after~BZ1! alprazolam administration. The significance level~i.e., the probabilityp of a type I error! associated with an increase in th
mean pole frequency following BZ administration is indicated just above the abscissa: no stars, not significant;* , 0.01,p<0.05;
** , 0.001,p<0.01; *** , p<0.001. Thep values for each subject and condition were determined by treating each of the 2 s epochs for
that subject and condition as a sequence of independent samples. Thep values were calculated using 106 permutations in an unpaired
one-sided permutation test which preserved the number of entries in before~BZ2! and after~BZ1! conditions as well as automaticall
allowing for the problem of multiple comparisons over the four electrodes used. The values are thus experimentwisep values and are
assigned to electrodes in a way that avoids the need for a Bonferroni correction~or some such! when interpreting the significance levels. Th
error bars are6 one standard error in the mean, estimated from the epochs for each subject and electrode and corrected for co
between near neighbor epochs.
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Figures 6 and 7 present a summary of the difference
pole location before and after benzodiazepine administra
for each subject and electrode. Figure 6 indicates tha
increase in the mean pole frequency~over the range 6–30
Hz! following benzodiazepine administration occurred in
to 13 of 14 subjects. Such a shift was significant at thep
<0.001 level in at least one of the four electrodes for
subjects. Figure 7 indicates that an increase in the mean
damping~for poles in the range 6–30 Hz! following benzo-
diazepine administration occurred in up to 12 of 14 subje
Such a shift was significant at thep<0.001 level in at least
one of the four electrodes for eight subjects.

By comparison, the mean pole frequency and mean p
damping increased significantly (p<0.001) in only three of
14 subjects~results not shown! following placebo adminis-
tration, with the magnitude of these shifts being less than
the corresponding benzodiazepine condition.

B. Population differences

Figure 8 illustrates the difference in the average locat
of poles~determined for each 2 s segment! lying between 6
05190
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0
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n

and 30 Hz before~2! and after~1! the administration of
either the PL or BZ, for each subject and channel. For
placebo condition intersubject variations inDu and Dr are
centered about~0,0!, whereas the corresponding variatio
for alprazolam are centered about a point in the lower ri
quadrant of theDu-Dr plane. There was no inferrable rela
tionship betweenu andDu or r andDr . For all electrodesDu
for the BZ condition was significantly greater thanDu for
the PL condition, i.e., the null hypothesis of Eq.~14! was
rejected. For all but one electrode,Dr for the BZ condi-
tion was significantly more negative thanDr for the PL
condition, i.e., the null hypothesis of Eq.~15! was rejected. It
is interesting to note that these differences between PL
BZ conditions are more significant for the anterior electrod
~48 and 50! than the posterior electrodes~56 and 57!. How-
ever, while the mean frequency shift of the alpha pole w
greater in the anterior electrodes~3.14 Hz! than in the pos-
terior pair ~2.76 Hz!, this difference was not significant (p
50.2535).

Figure 9 illustrates the pooled data for all subjects a
electrodes for both the placebo and benzodiazepine co
6-8
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FIG. 7. Mean pole damping6 one standard error in the mean for all poles lying between 6 and 30 Hz for each subject, before~BZ2!
and after~BZ1! alprazolam administration. The significance level~i.e., the probabilityp of a type I error! associated with an increas
in mean pole damping following BZ administration is indicated at the top of each figure: no stars, not significant;* , 0.01,p<0.05;
** , 0.001,p<0.01; *** , p<0.001.p values and error bars were calculated in the same manner as the mean pole frequencies o
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tions. Of note is the clear difference in the distributio
of pole frequencies and pole dampings between the two c
ditions. Following benzodiazepine administration both m
dian pole frequency and median pole damping have
creased.

C. Comparisons between parametric
and nonparametric methods

Table III shows the results of comparisons between
parametric ARMA methods used here and the better kno
nonparametric Fourier methods. Each method was use
calculate ~i! the mean difference in the alpha center fr
quency,~ii ! the mean difference in relative alpha power, a
~iii ! the mean difference in relative beta power between
and BZ conditions. In all cases the results obtained base
the ARMA spectra were comparable to those obtained fr
periodogram analysis. In particular, both methods con
tently indicated opposite motions in the alpha center f
quency f c for the BZ condition when compared to the P
condition. Except for electrode 50 the changes in the al
center frequencyD f c were not significant. In spite of this
both methods indicated significant and substantial diff
ences in relative alpha and beta power following alprazola
In all cases, relative alpha power decreased while rela
beta power increased. It is noteworthy that these differen
were almost invariably more significant when the ARM
method was used.
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V. DISCUSSION

The resting alpha rhythm is theoretically hypothesized
arise as a result of the filtering of input signals to cortex. T
filter properties are determined by the bulk~macroscopic/
large-scale! anatomical and physiological properties of exc
tatory and inhibitory cortical neurons. In this theory inhib
tion is conceived as having an important role in determin
the properties of this ‘‘cortical filter’’ and thereby the spect
of the alpha rhythm. In particular the selective modificati
of the strength of cortical inhibitory action by benzodia
epines such as alprazolam is predicted to be associated
quite specific changes in the properties of this filter.

Compared to the placebo condition, it was found that
prazolam causes a significant shift in the most wea
damped pole constituting the alpha rhythm, such that its c
responding frequency and damping both increased. In
absence of any other poles this implies that alprazo
causes the alpha spectrum to shift to the right and broa
However, in general, a pole also exists having zero freque
and finite damping~i.e., the pole is on the negative reals
axis; see Fig. 4 and the top left panel of Fig. 5! which com-
plicates such a simple interpretation, thus making it diffic
to use nonparametric spectral methods~see Table III! to
quantify alpha center frequency (f c) and spectral width~e.g.,
full width half maximum!. However, the motion of this
single pole~actually a pair of conjugate poles! would be
associated with a reduction in alpha band power and an
6-9
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FIG. 8. Du and Dr @see Eqs.~10!–~13!# for channels 48, 50, 56, and 57. Open circles indicate the PL condition and closed c
represent the BZ condition for each of the 14 subjects.p(u) andp(r ) give the significance levels, as determined by a one-sided permut
test, for the rejection of the null hypothesesDuBZ<DuPL @Eq. 14!# andDr BZ>Dr PL @Eq. ~15!#.
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crease in beta band power. The results of calculating
corresponding ARMA spectra~see Table III! are consistent
with this and are entirely comparable to those obtained us
the more commonly used and better known nonparame
Fourier methods. Theoretically based ARMA modeling
the electroencephalographic effects of benzodiazepines
vides additional information that cannot be obtained from
model-free empirical approaches exemplified by Fou
spectral analysis.

On the basis of the theory small changes in inhibitory→
inhibitory and inhibitory→excitatory population coupling
strength typically have opposite effects on the most wea
damped pole constitutive of alpha. Increases inNii

b were pre-
dicted to increase the frequency and damping of such a p
whereas increases inNie

b were predicted to decrease the fr
quency and damping. These predictions coupled with
experimental results lead us to conclude that alprazolam
creases the amplitude of GABAA mediated IPSPs in inhibi
tory neurons to a greater extent than the corresponding IP
in excitatory neurons. These results together with the th
retical predictions of Table I allow us to quantify such
difference.

By substituting median figures forv* before and after BZ
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administration~see Fig. 9! into Eqs. ~5! and ~6!, we can
obtain population estimates fore andm @BZ#. In this manner
we find thate'1.8 andm @BZ#'1.6, implying that the phar-
macological properties of GABAA receptors on inhibitory
neurons are distinct from those on excitatory neurons. T
for the average 1.36 Hz change in the median alpha p
frequency~Dv* ! following benzodiazepine administration
IPSPs in excitatory and inhibitory cells would have had th
amplitude augmented by 1.6 and 2.9 times, respectively.
worth noting that this predicted heterogeneity in the cellu
distribution of GABA receptor subtypes is essentially ind
pendent of the characteristic spatial scale assumed for
alpha band activity, as can be determined by making ad
tional calculations ofe for the different wave numbers o
Table I.

It is well known that the heteropentameric GABAA recep-
tor can be classified into a number of subtypes depend
upon either its pharmacological properties or subunit com
sition @40,41#. The majority of GABAA receptors containa,
b, and g subunits each of which has a number of spec
isoforms, with the effects of benzodiazepines dependen
subunit composition in a complex manner. For example,g
subunit is required for GABAA benzodiazepine sensitivity
6-10
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FIG. 9. Histograms of fre-
quency ~bin width51 Hz! and
damping~bin width52.5 s21) for
all poles lying between 6 and 30
Hz for all subjects and all chan
nels for each of the placebo an
benzodiazepine conditions.
te

d
ri-
the
eu-
the magnitude of which depends upon whether theg1 ~low
sensitivity!, g2 ~high sensitivity!, or g3 ~low sensitivity! iso-
form is present@42#. In addition, the nature of thea subunit
~which has six known isoforms! comprising the GABAA re-
ceptor also determines BZ sensitivity@40#. The cellular dis-
tribution of the various receptor subtypes has been de
05190
r-

mined using in situ immunohistochemical methods an
indicates that there is great diversity in their cellular dist
bution. Of particular relevance are the reports indicating
different subtype distribution expressed on pyramidal n
rons (a2b3g2-A2a3) and interneurons (a1b2g2-A1a2) in
rat hippocampus@43#. The latter subtype~an example of the
s
TABLE III. Comparisons between nonparametric~fast Fourier transform, FFT! and parametric method
@eighth-order autoregressive fifth-order moving average,~8,5! ARMA # for power spectral analysis.D f c is the
mean change in the alpha center frequency andDa andDb are the mean changes in fractional alpha~8–13
Hz! and beta~13–30 Hz! power, respectively, between benzodiazepine and placebo conditions. Allp ~sig-
nificance! values were determined using a one-sided permutation test.

Channel D f c ~Hz! p Da p Db p

48 (n514)
FFT 0.698 0.178 20.142 0.0022 0.110 0.00012
ARMA 20.523 0.325 20.126 0.0024 0.115 0.00006

50 (n514)
FFT 1.570 0.036 20.125 0.0087 0.110 0.00018
ARMA 22.214 0.0086 20.113 0.0016 0.098 0.00006

56 (n513)
FFT 0.419 0.309 20.154 0.0061 0.085 0.0012
ARMA 20.401 0.379 20.149 0.0027 0.081 0.0021

57 (n514)
FFT 0.209 0.369 20.149 0.0080 0.094 0.0003
ARMA 20.575 0.292 20.136 0.0027 0.113 0.00018
6-11
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LILEY et al. PHYSICAL REVIEW E 68, 051906 ~2003!
type I BZ receptor! has high affinities and efficacies for
wide range of BZ agonists whereas the former~an example
of the type II BZ receptor!, while not fully characterized, is
believed to have lower affinities and potencies@40#. Thus our
prediction that alprazolam acts with greater effect
inhibitory→inhibitory synapses than inhibitory→excitatory
is consistent with what is currently known about the dis
bution and molecular pharmacology of GABAA receptor
subtypes. However, specificin situ immunohistochemica
work is required regarding subtype distribution and alp
zolam binding in order to confirm this. Because human d
regarding subtype distribution are unlikely to be easily o
tained, a preferable approach may be to look at genetic l
ages betweenDv and GABAA receptor genes. In a recen
study, Porjeszet al. @44# demonstrated a significant linkag
for EEG frequencies in theb band~13–30 Hz! and a cluster
of GABAA receptor genes located on chromosome 4.

If more detailed studies of the type outlined here are p
formed involving sedation measures~critical flicker fusion
@45#, choice reaction task@46#, and the line analog rating
scale@47#!, then quantitative relationships can be establish
between pole motion and the level of sedation. Ultimat
this would pave the way for the development of more re
able and rational methods for the assessment of sedatio
the clinical setting, as is needed during short term anesth
Further, because the theory does not need to specify
bulk cortical inhibitory neurotransmission is modified, th
theoretically constrained ARMA modeling described here
applicable to investigating the physiological effects a
mechanisms of a wide range of centrally acting pharmac
ticals. Such compounds include general anesthetics and
biturates, which are known to alter the shape and amplit
of the unitary IPSP. In addition to quantifying cortic
GABAergic modulations, our method can be used to inv
tigate the normative spatial~via the topographic mapping o
r and u! and temporal~longitudinal pole stability! structure
of the human alpha rhythm. On this basis, fixed order ARM
modeling can be used to further elaborate and quantify
velopmental changes in the alpha rhythm that are know
occur @48#, thus enabling greater insight into the genesis
this ubiquitous and important cortical rhythm.

APPENDIX A: CANONICAL
ELECTROCORTICAL EQUATIONS

The theory of alpha electrorhythmogenesis is based u
a detailed spatially continuous two-dimensional mean fi
theory of electrocortical activity@7–9#. The principal state
variables modeled are the mean soma membrane poten
of local cortical populations of excitatory and inhibitory ne
rons. The local field potential, and hence the EEG/ECOG
regarded as being linearly related to the mean soma m
brane potential of the excitatory neuronshe . This theory can
be cast as a set of coupled nonlinear one-dimensional pa
differential equations that incorporate the major bulk a
tomical and physiological features of cortical neurons a
include cable delays, neurotransmitter kinetics, and intra
tical and excitatory cortico-cortical connectivities. The spo
taneous alpha rhythm is theorized to arise predominantly
05190
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consequence of the local linear properties of cortex. For
reason in the current formulation spatial effects have b
restricted to one dimension:

t
]h~x,t !

]t
5hrest2h~x,t !1Ce~h!I e~x,t !1C i~h!I i~x,t !,

~A1!

S ]

]t
1geD 2

I e~x,t !5Gege exp~1!

3$Ne
bSe~he!1f~x,t !1pe~x,t !%, ~A2!

S ]

]t
1g i D 2

I i~x,t !5G ig iexp~1!$Ni
bSi~hi !1pi~x,t !%, ~A3!

S I
]

]t
1 v̄L D 2

f~x,t !2 v̄2
]2f~x,t !

]x2

5 v̄LNaS v̄L1I
]

]t DSe~he!, ~A4!

where h5(he ,hi)
T, hrest5(he

rest,hi
rest)T, I e5(I ee,I ei)

T,
I i5(I ie ,I i i )

T, Ne
b5(Nee

b ,Nei
b )T, Ni

b5(Nie
b ,Nii

b)T,
Na5(Nee

a ,Nei
a )T, f5(fe ,f i)

T, L5diag(Lee,Lei),
t5diag(te ,t i), C j (h)5diag„c j (he),c j (hi)…,
pe5(pee,pei)

T, pi5(pie ,pii )
T, andI is the identity matrix,

with

Sj~hj !5Sj
max$11exp@2A2~hj2m̄ j !/ŝ j #%

21, ~A5!

c j 8~hj !5~hj 8
eq

2hj !/uhj 8
eq

2hj
restu, ~A6!

where j , j 85e,i . Sj (hj ) represents the mean firing rates
neurons of typej. Thus oscillatory activity in the EEG, a
represented byhe(t), implies oscillatory activity in the mean
excitatory neuron firing rateSe„he(t)…[Se(t). Table IV de-
fines all the theoretical parameters and indicates the ran
that are used to generate parameter sets that give ris
stable physiological alpha activity.

The unitary IPSP and EPSP correspond to the perturba
in the mean soma membrane potential, of a postsynaptic
ron, induced by asingle presynaptic action potential tha
arises from an inhibitory and excitatory neuron, respective

In the current theory an average IPSP (j 85 i ) or EPSP
( j 85e) corresponds to the solution of the reduced equati

t j

dhj

dt
5hj

rest2hj1c j 8~hj !I j 8 j , ~A7!

S d

dt
1g j 8D 2

I j 8 j5G j 8g j 8 exp~1!d~ t !, ~A8!

where

hj~0!5hj
rest, I j 8 j~0!5 İ j 8 j~0!50.

Note that Eqs.~A7! and~A8! imply that the shape of both
IPSPs and EPSPs are described by a third-order differe
6-12
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TABLE IV. Numerical values of all anatomical and physiological parameters used in the generation of electroencephalogra
plausible alpha activity. The ranges refer to the intervals from which uniform parameter deviates were generated.

Symbol Definition Typical value Range Units

e, i Excitatory, inhibitory
he , hi Mean soma membrane potential ofe and i neurons
he

rest, hi
rest Mean resting membrane potential 260, 260 mV

he
eq, hi

eq Mean reversal potential associated with excitation or
inhibition

0, 270 mV

Nee
a , Nei

a Mean total number of connections that a cell of typee,i
receives from excitatory cells via cortico-cortical fibers

4000, 2000 2000–5000, 1000–3000

Nee
b , Nei

b Mean total number of connections that a cell of typee,i
receives from excitatory cells via intracortical fibers

3034, 3034 2000–5000, 2000–5000

Nie
b , Nii

b Mean total number of connections that a cell of typee,i
receives from inhibitory cells

536, 536

te , t i Effective passive membrane time constant 0.01, 0.01 0.005–0.15, 0.005–0.15
k5Lee5Lei Characteristic scale ofe→e, e→ i cortico-cortical fibers 0.4 0.1–1.0 cm21

v Mean cortico-cortical conduction velocity 700 1–1000 cm s21

Ge , G i Effective excitatory, inhibitory postsynaptic potential peak
amplitude

0.4, 0.8 2, 0.1–2 mV

ge , g i Effective excitatory, inhibitory postsynaptic potential rate
constant

300, 65 100–500, 10–200 s21

m̄e , m̄ i Excitatory, inhibitory population thresholds 250, 250 260–0,260–0 mV
Se

max, Si
max Excitatory, inhibitory population mean maximal firing rates 100, 100 Hz

pee, pei Excitatory input to excitatory, inhibitory cells 0, 0 Hz
pie , pii Inhibitory input to excitatory, inhibitory cells 0, 0 Hz

ŝe , ŝ i
Standard deviation for firing threshold in excitatory,
inhibitory populations

5, 5 mV
ts
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equation. The theoretically assumed shape of these pos
aptic potentials accords well with experiment@49#. It is im-
portant to emphasize that details of the neuronal dend
cable properties and neurotransmitter kinetics are subsu
into the parameterst j , g j , andG j . For this reason we refe
to t j , g j , and G j as theeffectivepassive membrane tim
constant, PSP rate constant, and PSP peak amplitude re
tively. It is experimentally well established that the amp
tude of the unitary IPSP@1# ~which is determined byG i) is
augmented in the presence of extracellular benzodiazep
In the current theory it has not been necessary to assume
functional form forG i(@BZ#) other than it is a monotonically
increasing function of the extracellular benzodiazepine lev
~@BZ#!, because of the subsequent linear sensitivity analy
Figure 3 shows an IPSP obtained from the solution of E
~A7! and~A8! and the theoretically assumed effect of ext
cellular benzodiazepines on its amplitude.

In order to determine theoretically whether the alp
rhythm can be understood in terms of a white noise fluct
tion spectrum, the above equations are linearized about
tially homogeneous singular points. For a given set of
rameters these singular points can be obtained by settin
spatial and temporal derivatives to zero and solving forhe .
In general, these singular pointshe* are solutions to

F„he~q!,q…50, ~A9!

whereq represents a vector of model parameters andF(•) is
obtained from Eqs.~A1!–~A4!.
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Linearizing Eqs.~A1!–~A4! about the spatially homoge
neous singular pointhe* and transforming to the Fourier do
main @8# yields

He~k,v!5
exp~1!Gegehe

te

N~k,v;q!

D~k,v;q!
P~k,v! ~A10!

5Ge~k,v;q!P~k,v!, ~A11!

where

N~k,v!5$~ iv1g i !
2~ iv1h i /t i !

2wii Nii
bQi%$~k1 iv/v !21k2%, ~A12!

D~k,v!5$~ iv1g i !
2~ iv1h i /t i !2wii Nii

bQi%

3„$~k1 iv/v !21k2%~ iv1he /te!~ iv1ge!
2

2weeQe@Nee
a k~k1 iv/v !1Nee

b $~k1 iv/v !2

1k2%#…2weiwieNie
b QeQi@Nei

a k~k1 iv/v !

1Nei
b $~k1 iv/v !21k2%#, ~A13!

wj 8 j5exp~1!G j 8g j 8h j 8c j 8~hj* !/~t j 8h j !, ~A14!
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h j511exp~1!Ge~Ne j
a 1Ne j

b !Se~he* !/~geuhe
eq2hj

restu!

1exp~1!G iNi j
b Si~hi* !/~g i uhi

eq2hj
restu!, ~A15!

Qj5]Sj /]hj uhj 5h
j*
, ~A16!

where for simplicityk5Lee5Lei , Ge is theelectrocortical
transfer function, andhi* can always be written as a functio
of he* , i.e.,hi* 5hi(he* ) @see Eq. A1!#. He(k,v) is defined as

He~k,v!5E
2`

` E
2`

`

dx dt he~x,t !exp~2 ivt !exp~2 ikx!.

~A17!

The rootsv* found by solvingD(k,v;q)50 for fixed
realk give the theoretically predicted EEG resonant frequ
ciesv* , under the assumption that cortical input is so co
plicated as to be indistinguishable from white noise. F
stable oscillatory behavior@i.e., all 2Im~v* !,0#, it is found
that of the eight roots only a conjugate pair near the ori
remain weakly damped under widespread parametric va
tion. This pair of roots~or poles! will dominate the linear
behavior of the model. No analytical expressions can be
tained for the functional dependence of these weakly dam
roots on model parameters. However, by performing a Mo
Carlo parameter space search, assuming all parameter
uniformly distributed on the intervals given in Table IV
it is established that electroencephalographically and p
metrically plausible alpha activity~as determined from
the most weakly damped root over allk: 2Im~v* !,0,
16p<uRe~v* !u<26p rad s21 and uRe~v* !u/@2 Im~v* !#>5! is
widespread. The sensitivity of these model resonance
small perturbations in one or more of the model parameteq
can be determined as follows. Rewriting the dispersion re
tionship D(k,v;q)50 to depend explicitly uponhe* and q
we get

D„k,v~q!,he* ~q!,q…50. ~A18!

For any arbitrary parameterqj of q the total derivative of
D with respect toqj is, by the chain rule,

dD

dqj
5

]D

]v

]v

]qj
1

]D

]he*

]he*

]qj
1

]D

]qj
50. ~A19!

However, from Eq.~A9!

dF

dqj
5

]F

]he*

]he*

]qj
1

]F

]qj
50, ~A20!

and, by combining Eqs.~A19! and ~A20!, it is found that

]v*

]q̂ j

5qj* S ]D

]he*

]F

]qj
2

]D

]qj

]F

]he*
D Y ]F

]he

]D

]v U
v* ,q*

,

~A21!

wherehe* is a solution ofF(he ,q* )50, v* is a solution of
D(k,v;q* )50, q* is the parameter set about which th
05190
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-
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to

-

sensitivity is calculated, and theq̂ j represent normalized pa
rameters defined asq̂ j5(qj2qj* )/qj* .

]v* /]q̂ j is the normalized local sensitivity of the rootv*
with respect toq̂ j . In general, this quantity will be comple
with ] Re(v* )/]q̂ jDq̂ j and 2] Im(v* )/]q̂ jDq̂ j giving the
change in angular frequency and damping, respectively
the rootv* for a change inq̂ j of Dq̂ j . The evaluation of the
expressions in Eq.~A21! is most easily performed using
computerized symbolic algebraic system.

Thus the predicted change in the EEG resonant freque
Dv* , for small normalized~i.e., fractional! changes in the
parameters,Dq̂ j , is given simply by

Dv* 5(
j

]v*

]q̂ j

Dq̂ j . ~A22!

APPENDIX B: SINGLE ELECTRODE
ELECTROCORTICAL ARMA MODEL

Based on the white noise driving assumption of Appen
A the EEG recorded from a single electrode is modeled

He~v!5E
2`

`

He~k,w!C~k!dk, ~B1!

whereC(k) is apoint spread functionthat takes into accoun
the finite conductivities of the skull and cerebrospinal flu
as well as the geometry of the recording electrode. In g
eral,C(k) will act as a low-pass wave number filter. We w
assume, with no subsequent loss of generality, that

C~k!5H 1, uku<kc'p/R,

0 otherwise,
~B2!

whereR is the radius of a recording electrode. We choo
R'0.25 cm and thuskc'6 rad cm21. By rewriting
He(k,v) as

He~k,v!5
a~v!1b~v!k2

g~v!1d~v!k2
, ~B3!

where

a5N~0,v!,

b5
1

2

]2N~k,v!

]k2
,

g5D~0,v!,

d5
1

2

]2D~k,v!

]k2
,

a k̂(v) can be found such that

a~v!1b~v!k̂~v!2

g~v!1d~v!k̂~v!2
5E

0

kc
He~k,w!C~k!dk. ~B4!
6-14
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For the randomly generated parameter sets of Append
it is found that in the majority of cases~.80%! k̂(v)
}Re(v) and spans a relatively narrow range of wave nu
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range of electroencephalographic interest~0–30 Hz!. Be-
cause k̂(v)5O(v) and b~v! and d~v! are O(v3) and
O(v5), respectively, we are able to setk50.4 rad cm21 in
Eqs.~3! and ~4!.
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